Within our recently proposed generalized nonlocal optical response (GNOR) model, we revisit the fundamental problem of an optically excited plasmonic dimer. The dimer consists of two identical cylinders separated by a nanometre-sized gap. We consider the transition from separated dimers via touching dimers to finally overlapping dimers. In particular, we focus on the touching case, showing a fundamental limit on the hybridization of the bonding plasmon modes due to nonlocality. Using transformation optics we determine a simple analytical equation for the resonance energies of the bonding plasmon modes of the touching dimer.
I. INTRODUCTION
One of the most fundamental and intriguing problems in plasmonics is the electromagnetic interaction of two metallic nanostructures, i.e., the dimer structure. The gap-dependent electric-field enhancement and bonding plasmon resonance energies have been utilized in e.g. surface-enhanced Raman spectroscopy 1 and the plasmon ruler effect 2 . The dimer has been studied with a variety of theoretical and experimental techniques. The simplest theoretical approach is based on the classical localresponse approximation (LRA), which in the extreme case of a nanometre-sized dimer gap gives rise to unphysical results, such as diverging field enhancements in the gap of the dimer 3 . A complete breakdown of the LRA is seen in the touching configuration, where the number of hybridized bonding plasmon modes increases without bound to form a continuum of modes 4, 5 . Advanced descriptions based on density-functional theory (DFT) regularize the unphysical consequences of the LRA [6] [7] [8] [9] , where the physical mechanism for the regularization is attributed to quantum tunnelling, i.e., the charge transfer that may occur before reaching the touching configuration due to the spill-out of electrons. Numerical DFT calculations of optically excited dimers show a limit on the hybridization of bonding plasmon modes, yet no general relation for this limit has been extracted. Results based on the hydrodynamic model, where only nonlocal response (and not electron spill-out) is taken into account, also display regularizations of the LRA 4,5,10 , albeit with field enhancements in the dimer gap that are still larger than shown by DFT simulations 8 . Measurements on dimers with vanishing gaps using both optical techniques 11 and electron energy-loss spectroscopy 12, 13 are not in agreement with the LRA, and, in the touching case, also display limits on the resonance energies of the bonding plasmon modes. However, the physical mechanism for the discrepancy between LRA and the observed measurements is not conclusive.
In this paper, we revisit the problem of a plasmonic dimer, which consists of two identical cylinders excited by a plane wave (see Fig. 1 ), within the framework of our recently proposed GNOR model in which nonlocal response is caused both by convection and diffusion 14 . In contrast to DFT, the physically more transparent GNOR model allows for analytical results. We study the evolution of both the extinction cross section and the electric-field enhancement in the dimer gap as the gap size varies from separated to overlapping dimers. In particular, we focus on the touching dimer and derive, using the formalism of transformation optics (TO), a simple analytical relation for the resonance energies of the bonding plasmon modes. Furthermore, we show that previous nonlocal TO methods used for the hydrodynamic model 4, 5 are accurate also for the GNOR model.
II. GENERALIZED NONLOCAL OPTICAL RESPONSE
Given the nonlocal constitutive relation connecting the displacement field with the electric field D(r, ω) = dr ′ ε(r, r ′ )E(r ′ , ω), the wave equation is in general given as
FIG. 1. Sketch of the considered system, displaying the incident electric field, which is polarized along the dimer axis, impinging on a dimer consisting of two identical cylinders with radii R and separated by a gap g. The three cases of separated dimer (g > 0), touching dimer (g = 0) and overlapping dimer (g < 0) are shown.
Under the assumptions of a linear, isotropic and shortranged response function, Eq. (1) can be recast as
where the parameter ξ describes the nonlocal correction to the local-response Drude permittivity
Here, ε ∞ (ω) accounts for effects not due to the free electrons, such as interband transitions. Within the nonlocal hydrodynamic model 16 , the nonlocality parameter is ξ 2 h = β 2 /(ω 2 + iωγ) 17 , where γ is the Drude free-electron damping and β 2 = 3/5v 2 f with v f denoting the Fermi velocity of the conduction electrons. Nonlocal response in the hydrodynamic model arises from the inclusion of the Thomas-Fermi kinetic energy of the free electrons. The GNOR model incorporates the hydrodynamic approach and expands it by taking into account the effects of electron diffusion 14 . The nonlocality parameter within the GNOR model is ξ
and D is the diffusion constant. Although the mathematical formalism of the GNOR model is similar to the hydrodynamic model, with the simple substitution β 2 → η 2 , the physical consequences are pronounced. In contrast to the hydrodynamic model, the GNOR model accurately captures the size-dependent damping of localized surface plasmons in individual particles 18 and reproduces timedependent DFT absorption spectra of dimers 8, 14 . Before discussing the results of the nanowire dimer, we first outline the procedure to determine the diffusion constant D for different metals. The size-dependent damping of localized surface plasmons in nanoparticles is well-known and has extensively been observed experimentally 18, 21 . The phenomenological approach to account for this effect in the LRA, i.e., Eq. (2) with ξ = 0, has been to modify the Drude damping parameter as γ → γ + Av f /R 21 , which only applies for spherical particles of radius R. Here, A is a constant, which is related to the probability of the electron scattering off the surface of the particle. Both experimental data and more advanced theoretical calculations have been compared to this approach, resulting in a robust value for A close to unity for different metals 18 . It is therefore appropriate to ensure that the GNOR model agrees with this successful, but phenomelogical approach. To this end, we calculate the extinction cross section of a metal sphere using the nonlocal polarizability 22 for the GNOR calculations, while the LRA polarizability is modified to include the aforementioned additional damping with both A = 0.5 and A = 1. Two different values for A are considered, since different nanoparticle preparation methods may result in different surface properties. The diffusion constant D is varied until the full-width at half maximum of the localized surface plasmon resonances for both calculations coincide. This procedure is repeated for the range of sphere radii of 1 − 10 nm. As the fitted diffusion constant D varies slightly with sphere radii, we use the average value for D. The diffusion constant D along with other relevant GNOR parameters for Na, Ag, Au, and Al are summarized in Table I . For completeness, we add that the non free-electron response of metals ε ∞ (ω) can be determined from experimentally measured bulk dielectric functions ε exp (ω) using the procedure ε ∞ (ω) = ε exp (ω) + ω 2 p /(ω 2 + iγω) 23 .
III. RESULTS
Using the freely available COMSOL implementation of the GNOR theory 10 we calculate the extinction cross section and electric-field enhancement of a large dimer with radius R = 30 nm when varying the gap distance. Figure 2(a) displays a waterfall plot of the extinction cross section for two values of D (solid and dashed lines, respectively), when the gap is varied from +30Å (separated) to −30Å (overlapping) in steps of 3Å. For separated nanowires, we see the presence of three distinct modes, the bonding dipole mode (BDP), bonding quadrupolar mode (BQP) and the higher-order mode (HOM), also labeled in Fig. 2 . The electric field norm of these three modes for a gap of 30Å are displayed in Fig. 2(b-d) . As the gap decreases, the BDP and BQP redshift and dampen due to increased plasmon hybridization 5, 10 and increased absorption at the metal surfaces in the vicinity of the gap, respectively. However, the resonance energy of the HOM is unaffected by the gap size as the electric field of this mode is mainly distributed at the dimer edges, and not in the gap [see Fig. 2(d) ]. When the gap vanishes [red line in Fig. 2(a) ] the hybridization of the bonding modes is maximal, and no further resonance shifts or damping can occur. As the dimers begin to overlap (g < 0) the bonding modes disappear and the charge transfer plasmons [labeled CTP1 and CTP2 in Fig. 2(a) ] appear. The CTP1 and CTP2 blueshift with increasing dimer overlap as the dimer effectively becomes a single structure. Comparison of the two values for D [solid and dashed lines in Fig. 2(a) ] reveal that the main features are robust with respect to D, and that an increased value for D primarily increases the widths of the bonding-mode resonances. In Fig. 2(e) we show the evolution of the electric-field enhancement, probed at the center point of the gap. As the gap size decreases, the electric-field enhancement increases due to increased in-teraction between the metal surfaces. Furthermore, as the bonding plasmon modes redshift so does the max- (a) Table I with ε∞ = 1. imal field enhancement. To facilitate comparison with DFT calculations 8 and other theoretical models based on quantum tunnelling, such as the quantum-corrected model (QCM) 24 and the quantum conductivity theory (QCT) 25 , we also display in Fig. 2 (f) the electric-field enhancement evolution of a Na dimer with a smaller radius of R = 4.9 nm. Here we see that the electric-field enhancement amplitude and trend with decreasing gap size are in very good agreement with DFT simulations of Ref.
8 . The only discrepancy between the GNOR model and DFT simulations occurs at gap sizes below approximately 5Å but before contact, where the overlap of electron spill-out in DFT calculations quenches the electricfield enhancement.
When the dimers are touching, the hybridization of the bonding plasmon modes is maximal and the resonance positions of these modes depend only on the dimer radius R. We have investigated the behavior of the resonance condition of the BDP and BQP modes as a function of R in Fig. 3 . For the smallest dimer radii (R ≤ 10 nm), the resonance positions of the BQP mode are not clearly distinguishable from the extinction spectra due to the weaker hybridization in smaller dimers. As the dimer radius increases the resonance energies of both the BDP and BQP modes decrease. This is due to the increased hybridization occurring for larger radii as the interacting metal surfaces between the two nanowires increase. Along with the numerical GNOR simulations (dots in Fig. 3) , we also depict the results using a nonlocal transformation optics (TO) approach (dashed line) 4 . Although the nonlocal TO was originally used with the hydrodynamic model, we show in Fig. 3 that the nonlocal TO approach is still valid within the GNOR theory, as long as the substitution β 2 → η 2 is applied. As anticipated, we see in Fig. 3 that the nonlocal TO calculations agree quite well with the GNOR simulations for both the BDP and BQP modes.
We may deduce a simple relation for the resonance energies of the bonding plasmon modes by examining the position of the centroid of induced charges 8 , given as the real part of the Feibelman parameter d(ω) 26 . Using the definition of the Feibelman parameter 26 , we find that d(ω) = i/k nl where k nl = ε d (ω)/ε ∞ (ω)/ξ gnor is the nonlocal longitudinal wave vector. In the GNOR theory, the centroid of the induced charges is positioned a short distance {Re[d(ω)] ≃ v f /ω p ≈ 1Å} within the metal boundary (as a consequence of the additional boundary condition of vanishing free-electron current in the radial direction 14, 16 ). However, within the LRA the induced surface charges reside on the geometrical surface. We can therefore mimic the position of the centroid of induced charges in the GNOR theory by considering separated dimers in the LRA with a gap of g = 2Re[d(ω)]. Within the LRA, the resonance condition of a separated dimer with gap size g has been determined using TO 27 and is given by the relation
where n = 1 corresponds to the BDP mode, n = 2 corresponds to the BQP mode and so on. Assuming an undamped Drude model for the permittivity ε d (ω) = 1−ω 2 p /ω 2 and expanding Eq. (3) to first-order in g/R, we find the simple relation for the LRA resonance condition for the modes of separated nanowires
where we have used that g = 2Re(ξ gnor )/ −ε d (ω). shows that the maximal hybridization resonance energies are mainly dependent on convection as described by the Fermi velocity, since the value for β contributes most to Re(ξ gnor ). Only in the extreme limit where Dω becomes comparable to β 2 in magnitude will diffusion play a role in the position of the resonance energies.
IV. CONCLUSIONS
We have theoretically studied the extinction cross section and electric-field enhancement of a plasmonic dimer consisting of two large (R = 30 nm) Na cylinders using the GNOR model. As the gap size decreases, the extinction cross section shows a damping of the bonding plasmon resonances, while the electric-field enhancement in the gap increases, but stays finite. Both trends are in good agreement with DFT calculations and experimental measurements on dimers.
We have also examined the touching dimer and, using transformation optics, derived a simple analytical relation for the resonance energies of the bonding plasmon modes that we propose to test experimentally. Finally, we have shown the first successful application of nonlocal TO to the GNOR model. 
